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SOME HADAMARD AND SIMPSON TYPE INTEGRAL 

INEQUALITIES VIA s-CONVEXITY AND THEIR 

APPLICATIONS 



1. Introductions 



^ . MEVLUT TUNg 

u 

5— in' Abstract. In this study, we establish and generalize some inequalities of 

■^^ , Hadaniard and Simpson type based on s-convexity in the second sense. Some 

■ applications to special means of positive real numbers are also given and gen- 

^•jy • eralized. Examples are given to show the results. The results generalize the 

integral inequalities in |11| and |13| . 

u 

j^ ' To establish analytic inequalities, one of the most efficient way is the property 

of convexity of a dedicated function. Notedly, in the theory of higher transcen- 
dental functions, there are many significant applications. We can use the integral 
inequalities in order to study qualitative and quantitative properties of integrals 

^..^ (see ^inilll])- Thing continuing to bewilder us by indicating new inferences, new 

iy~. I difficulties and also new open questions are a major mathematical outcome. 

On . The Hermite-Hadamard inequality: Let /:/CM^>Rbea convex 

'^ ' function and m, u £ / with u < v. The following double inequality: 

|: („H) f(i±i)<j_r,^^^^^m±m 

is known in the literature as Hadamard's inequality (or Hermite-Hadamard inequal- 
ity) for convex functions. Keep in mind that some of the classical inequalities for 
k>( ' means can come from (HH) for convenient particular selections of the function /. If 

^ i /is concave, this double inequality hold in the inversed way. See [21 [5] for details. 

_Cy_' The Simpson inequality: The following inequality is well known in the liter- 

ature as Simpson's inequality; 
(S) 
1 



3 



/M±ZM + 2/ 



/ (x) dx 



1 

- 1280 



(4) 



{v ~ u) 



where the mapping / : [u, w] — > M is assumed to be four times continuously dif- 
ferentiable on the interval and f^^^ to be bounded on {u,v), that is, ||/''*''|| = 
suptg(„,„) !/('') (i)| < oo. See [H H [101 E] for details. 

In [5], Hudzik and Maligranda considered among others the class of functions 
which are s-convex in the second sense. This class is defined in the following way: 



2000 Mathematics Subject Classification. Primary 26D07, 26D15. 

Key words and phrases, s-convex functions, Hadamard inequality, Simpson inequality. 

1 



2 MEVLUT TUNg 

a function / : M+ — > M, where M+ = [0, oo), is said to be s-convex in the second 
sense if 

/ («A + (l-a)^l)< a^f (A) + (1 - a)^ / (m) 
for all A,/x e [0, oo) , a G [0,1] and for some fixed s e (0,1]. This class of s- 
convex functions is usually denoted by K^. It can be smoothly seen that for s = 1, 
s-convexity reduces to the ordinary convexity of functions defined on [0, oo). 

Recently, in [101 111] , Sarikaya et al. presented the important integral identity 
including the first-order derivative of / to establish many interesting Simpson-type 
inequalities for convex and s-convex functions. 

Meanwhile, in |13j . Xi et al. presented the following two important integral 
identities including the first-order derivatives to establish many interesting Hermite- 
Hadamard-type inequalities for convex functions. 

In this study, some new Hadamard and Simpson type integral inequalities for 
differentiable functions are established, and are applied to produce some inequalities 
of special means. Examples are given to show the results. The results generalize 
the integral inequalities in [11] and [13j . 

2. Main results for s-convex functions 

In order to demonstrate our main results, we need the following lemmas that 
have been derived in [13]: 

Lemma 1. [13) Let / : / C M — ^ M 6e differentiable function on 1° , u,v lE I, with 
u < V. If f E L [u, v] and A, // G M then 

(2.1) 
A/(.)+M/(^^2-A-, /^A ^r^^^^^^ 



2 

V — u f 



{l-X~a)f' [au+il-t) ^^^j + (m - a) /' ( ""^^ + il~a)v] da 



Lemma 2. [T2]i^or x > and < y < 1, one has 

(2.2) / \y-arda = ^ + ^' ^^ 



/ 



x + l 
' y^+' + ix + l + y)il-yr+' 



a\y — a\ da 



/o (x + l) (a: + 2) 

Theorem 1. Let / : / C M — s> K &e differentiable function on 1° , u,v E I, < X, 
fi < 1, and f G L[u,v]. If \f' {x)\'' is s-convex function in the second sense on 
[u, v] for some fixed s G (0, 1] , p, r > 1, 1/p + 1/r = 1, then 

(2.3) 

A/(.) + ,/(.) , 2-A-, /^_^ r^^^^^^ 



2 2 \ 2 J v-u _ 

- ^1^ VTi ) (,2M^TT)'^^"^' +FT7TT)'^^")' 

V~U f^lP+^ + il-flf+^Y f 1 .^,^..r 2''+l-l 



P+l 



(FT^I^'WI' + liTT^I^'WI'T 
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Proof. Assume that p > 1, by Lemma [Hand using the weh known Holder inequahty, 
we have 



A/ ju) + nf (v) 2 - A - /i fu + v 



1 



< 



< 



|l-A-a| 



/' [au+{l-a) 



2 / V — u 

U + V 



f (x) dx 



da + I l/i — q;| 




f [ a— \-{l-a)v 



da 



\l-X-aFdt 



In — a\^ da 



f (au+{l~a) 



u + v 



/ ( a— \-(l-a)v 



da 



da 



Since |/' {x)\^ is s-convex in the second sense on [u,v] , then we get 



/' {au+{l-a) 



u + v 



da < 



1 + a 



l/'(")r 



1-a 



I/' Ml' da 



Os+l _ 1 1 

i/'Hr+TTTT^i/'wr 



2'is + l) 



and 








/' 

Jo 


f 


[a 2 +(1- 


- a)v 
J 



f' l..\\^ 



2''(s + l) 



2-a 






l/'Hr da 



2''(s + l) 



1/ {u)\ 



2«(s + l) 



^i/'wr 



where we have used the fact that 



p+i , \p+i 



(1 - A)^+' + A^ 



\l~X-a\^da 
/o P^ 

This completes the proof. 



and / 1/1 — af da 

1 "'0 



M^+i + (1 - Ai)^+' 



p+1 



D 



If taking A = /i in Theorem [U we derive the following corollary. 



Corollary 1. Let / : / C M — > M &e dijferentiable function on 1° , u,v G /, 

< A < 1, and /' € L [u, v] . If \f' {x)\ is s-convex function in the second sense on 
[u, v] for some fixed s G (0, 1] , and 1/p + 1/r — 1, then 



(2.4) 



Jiu) + fiv)_^ fu + v 



1 



< 



2 ' ' \ 2 / v-u 

/ \ — 



/ (x) dx 



v-u ni- xf^' + xp^ 



4 y p + 1 
1 



X 



2^ (s + 1) 



/'(«)! + 



' /^.m"" 



2'*(s + l) 



I/' Ml 



Remark 1. In Theorem]^ if we take X = p, = 1/3, then Theorem]^ reduces to 
[111 Teorem 9] . Hence, the result in Theorem [7] is generalizations of the results of 
Sarikaya et al. in [TT]. 
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If we take s = 1 and A = /i = 1/2, 2/3, 1/3, respectively, in Theorem [TJ the 
foUowing inequahties can be deduced. 

Corollary 2. Let f : I <ZR ^R be a differentiable function on 1° , u,v (^ I with 
u < V, and f £ L [u,v] . If |/' {x)\ is convex function on [u,v] for l/p+ l/r = 1, 
then 



(2.5) 



f {u) + f{v)_ r fu + v 



< 



2 

V — u 



(2.6) 



;(p + i)^/P4i/r- 



fiu) + fiv) + f 



f (x) dx 



(3i/'(^)r+i/'(«)r)^ + (i/'(^)r+3i/'(^;)r)^ 



U + V 



< 



v-u f (1+2P+1) y 



4H-l/r I 3P+l(p+l) 

(2.7) 



/ (x) dx 



(Sir iu)\' + \r iv)\y + {If {u)]"^ +3\f' {v)\y 



f{u) + f (v) + 4/ 



U + V 



V — u 



f (x) dx 



< 



v-u / (1 + 2P+1) \ " 



{3\r iu)\' + \r iv)\y + {If {u)\' +3\f' {v)\y 



41+1/r I 3p+i(p+i) I 

If taking X = ji = 1/2, in Theorem [U the following inequalities can be deduced. 

Corollary 3. Let f : I <Z M. ^ R be a differentiable function on 1° , u,v £ /, and 
f'£L [u, v] . If I/' (x)]^ is s-convex function in the second sense on [u, v] for some 
fixed s G (0, 1] , and 1/p + l/r = 1 and 









f{u)+f{v) _Ju 


-f 


.\ 




2 n 2 ; 


then 




(2.8) 




^(") + ^(^)- ' rfix)dx 
2 v-uj^ ■"- ' 






= 


V 2 y t;-u7„ 






< 


U — M 


' / os+l _ 1 


+ 


' K 




8{p+l)^ 


U^(s + i)'^ ^ ^' 


2^^(5+1) " 






/ 1 9-«+l 


^i/'Mry_ 




^2^.+ 


1)'^ ^^^' ' 2-^(.+ 



I/' HI' 



Corollary 4. In Theorem]^ when s. A, /^, p, r are taken like in the following, we 
obtain 
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i) For 5 = 0.3, A = 0.3,/i==0.3,p = 2,r = 2 in ^) . 

f {x) dx 



i f{u) + f{v) U fu + v 
10 2 20-' V 2 



1 



b — u 



< 



0.351 (w-u) 



0.914|/'(M)|'+0.625|/'(f)|'^' 



' ^,.m2\ 2 



0.625|/'(M)r+0.914|/'(f)| 



ii) Taking s = 0.5, A = 0.5, fi = 0.5, p = 2, r = 2 in \2. 3]) gives; 

1 



f{u) + f {v) r fu + v 



V — u 



f (x) dx 



< 



m 



0.289 {v - u) 



(0.862 I/' {u)f + 0.471 1/' {v)f) ~" + (o.471 1/' [uf + 0.862 |/' {v)\ 

Hi) Taking s = 0.75, A — 0.3, /i = 0.7, p = 10,r = 10/9 in \2. 3\) gives; 

1 



2\ 2 



3/(m) + 7/W I (u + v 

20 2-' I 2 / w-u 



/ {x) dx 



< 



0.531 (i; - u) 



(0.803 I/' (w)|'°/^ + 0.34 I/' (v)|'°^^) '" + (0.34 |/' (w)|'°/^ + 0.803 \f {v)\ 



10/9\ 10 



IV 



iv) Taking s = 0.4, A = 0.2, ^ ^ 0.8, p = 3, r = 3/2 m ( fO)) gives; 

1 



< 



/(u) + 4/(i;) 1 /u + i; 

10 2-' V 2 / t;-u 

0.468 (u - w) 



/ (2^) dx 



2 

(0.887 I/' (m)|^/' + 0.541 1/' (w)|^/') ' + (o.541 1/' (u)|^/' + 0.887 |/' (i;)|^^' 



t;^ Taking s = 0.4, A == 0.2, ^ = 0.8, p = e, r = e/ (e - 1) in i2.3\) gives; 

1 



< 



fiu)+Af{v) I fu + v' 

10 2'' V 2 / w-M 

0.455 (w-u) 



/ {x) dx 



(0.887|/'(u)|"/^'"'^+0.541|/'(f)| 



e/(e-l) 



+ (0.541 1/' (u)^/^"^"') + 0.887 I/' («)r/^'"'^) ^" 

vi) Taking s = 1, A = 1/3, /i = 2/3, p = r = 2 m 112. 3\) gives; 

1 



f{u) + 2J{v) I (u + v 

6 2-'l2/ v-ti 



< 



V — u 
12 



^/'(«)i'+^i/'(«)n"+(ii/'(«)i'+^i/'(^ 



/ (a;) dx 

2 , 3 . , , ^,2 



etc. 



Theorem 2. Let / : / C M ^ K 6e differentiable function on 1° , u,v £ I, < X, 

fji < 1, and f G i[M,w]. // \f (x)^ is s-convex function in the second sense on 
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[u,v] for r > 1, then 



(2.9) 



< 



Xfiu)+f,f{v) 2- 
2 

V — u f 1 


-A- 
2 


- 11 lu + v\ 


1 r 

1 f (t) rl-T 


1 J yx) ax 



\1~~\ l/*" 



8 \2''-^s + I) {s + 2) J 
{((2A^-2A+l))^-^/'^x[i?|/'(«)r + L|/'(.)r 

+ {{2^^^ 2/. + 1))^-^/^ X [/ 1/' (.)r + F \r (.)r] ''-] 



where 



E 

L 
I 

F 



{2 (2 - A)'+' + (A - 1) (s + 2^+2 + 2) + 2^+isA - l) 

(2A''+^ + s (1 - A) - 2A + 1) 
(2//+2 + s(l-^)-2/i+l) 

(2 (2 - /i)^+2 + (/i - 1) (s + 2^+2 + 2) + 2''+isAi - 1) 



Proof. For r > 1, from Lcnima[l] by using the s-convexity of |/' {x)\ on [u, v\ , and 
the famous power mean inequahty, we can write 



A/ (u) + ^/ (v) 2 - A - /i /^M + w 



1 



< 



< 



V — u 
4 

V — u 



|l-A-a| 



/' au + (1 - a) 



2 / V ~ u 

U + V 



f (x) dx 



da + I 1^ — q;| 




r{a^^ + {l-a)v 



da 



1 1 — A — a I da 



1 X 1-1/'- 

l/i — a\ da 



Il-A-«|( (^1 I/' HI' 







1-1/r 



i/^-«i((-j i/'(u)r 



1 — a 



\riv)nda 



l/r 



2-a 



\fiv)\' dt 



l/r' 



By direct calculation, we obtain 



|l-A-a| 



1 + a 



i/'wr 



1 — a 



\f'{v)nda 



I l„.\\r /■! 



I/' Ml 



/ |l-A-a|(l + a)'da + l^^^ML /" |1 - A - a| (1 - a)" dof 



I/' HI 



2^(s + l)(s + 2) 

, i/'(«)r 



2-(s + l)(s + 2) 



(2 (2 - A)'+' + (A - 1) (s + 2^+2 + 2) + 2'^+isA - l) 
2A''+2 + s(l- A) -2A + 1) 
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Similarly, we have 

^'iM-«i((f)^/'Hr+(^)^/'wr)d« 



2^ 



Jo 2* Jo 

(2^^+2 + s (1 - ^) - 2^ + 1) 

2^ (. + !)(. + 2) {' (2 - '^^"^ + ('^ - ^H^ + 2-^ + 2) + 2-^., - l) 



2^(s + l)(s + 2) 



1 1 

\l-X-a\da = - (2X^ - 2A + l) 



/•I 1 

/ 1/1 -a| da =- (2/1^-2/^+1) 
Jo 2 

Replace with the above four equalities into the inequality and the proof is finished. 

D 



Remark 2. In Theorem\^ if we take s — 1, then Theorem\^ reduces to [131 Teorem 
3.1]. Hence, the result in Theorem\^ is generalizations of the results of Xi et al. in 
Pl Theorem 3.1]. 

If taking A = /i in (|2.9p . we derive the following corollary. 

Corollary 5. Let / : / C K. — > M &e differentiahle function on 1° , u,v G /, 
< A < 1, and f <E L [u, v] . If \f' {x)\^ is s- convex function in the second sense on 
[u, v\ for some fixed s G (0, 1] , and r >1, then 



(2.10) 



< 



Xf{u) + \f{v) 2-2A 
2 2 ^ 


^u + v\ 
V 2 ) 

)\2 0\ 


1 r 

1 f (t\ d-r 


t' - w Ju 



;(2--i(s + l)(.s + 2))'/'' 



X {[\r {u)\^ E + \rivrLY^' + [\fiu)rL+ If iv)\^ £]'/"■} 

where E and L are like above. 

If taking A = /t = 1/2,2/3,1/3, respectively, in Theorem [51 the following in- 
equalities can be deduced. 

Corollary 6. Let s G (0, 1] and / : / C M ^- M fee differentiahle function on 1° , 
u,v <E I with u < V, and f E L [u, v] . If |/' (a;)|'^ is s- convex function in the second 
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sense on [u, v] for some fixed s G (0, 1] , and r > 1, then 

(2.11) 

f (x) dx 



f{u) + f{v)_fu + v 



< 



2 

V — u 



8(2--i(s + l)(s + 2))i/'' V2 



l-l/r 



os+2 r,s+2 I „ _ OS+1 o + 4 \ 



2 2''+i 



r l/'MI 



l/r 



2 2« 



+ ;5ITT l/'MI + 



'/ M'- /^3"+2 2^^+2 + 3- 2^+15 + 4\ 



2.S+1 



I/' HI 



l/r' 



(2.12) 
1 



f{u) + nv) + ! 



U + V 



1 



< 



V — u 



V — u 

l-l/r 



f (x) dx 



8(2--i(s + l)(s + 2))^/''' V2 

'22S+5 2"+2 + s - 2^+25 + 5 



is+2 



i/'(")r+(V + iS)i/'wr 



1 l/r 



1/ (")l + -^TTTT 7, 1/ (w)| 



3^+2 



3S+2 



(2.13) 



f{u) + fiv) + Af 



U + V 



f (x) dx 



< 



V — u 
;(2--i(s + l)(s + 2))^/'' V2 



l-l/r 



2x5-^+2 2'+^ + 2s - 2'+\s + 7\ , ^, , ,,. 
^,T2 -, J 1/ (-)l 

2s + 1 2 



2s + 1 



3S+2 



i/'wr 



l/r 



s+2 



,,, ,ir , , 2x5-^+^ 2^+3 + 2s-2^+is + 7V ^^/^^ 



Remark 3. // setting s = 1 in above Corollary, then we obtain the inequalities in 
[r3. pp. 6 and 7]. 

Remark 4. // setting s = 1 and r = 1 in above Corollary, then we obtain the 
inequalities in [T51 (3.7)]. Hence, the results in above Corollary are generalizations 
of the results of Xi and Qi in [13] . 
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3. Applications 



Let 



A{u,v) 



Lp{u,v) 



U + V V — u 



{u^v), 



„p+l _ yp+l \ 1/p 



In 11 — In u 

u^v, p<eW, p^ -1,0 



_(p+ 1) (w - u), 

be the arithmetic mean, logarithmic mean, generalized logarithmic mean for u,v > 
respectively. 

Criterion 1. Let g : M — > K+ be a non-negative convex function on R. Then g'^{x) 
is s-convex on I , for some fixed s G (0, 1) (see [T] j. 

Proposition 1. Let s G (0,1], u,v > 0, 1/p + 1/r = 1, < A, /i < 1, then 
Xu^ + fiv'^ 2 — A — ^ 



< 



-A^ {u,v) ~ LI {u,v) 



v-u /(l-Af+^AP+^V /s(2^+i-l)u'^(^-i) sW^-i) 



p+l 



2'^(s + l) 2«(s + l) 



v-u / ^P+i + (l-/if+' \ " / 5m'-(^-i) s (2^+1 - 1) ^'■(^-1) ' 
^ 4 (^ p+l j l^2^(s + l)^ 2«(s + l) 

Ln particular, when A = /i = 1, we have 
\A{u\v^)-Ll{u,v)\ 

v-uf 1 \p /s(2''+i-l)u''(''-i) sw'-(«-i) \" 



4 VP+iy \ 2"(s + l) 2"(s + l)/ 

v-uf 1 \ 5^ / su'-('^-i) s(2^+i-l)w'^(*-i)~ 



< 



4 Vp+1/ l2^(s + l) 2''(s + l) 

Proof. The claim follows from Theorem [T] applied to s-convex in the second sense 
mapping / (x) = x'^ . D 

Remark 5. /k Proposition^^ if we take X = p = 1/3, t/ien Proposition{l\ reduces 
to |111 pp. 2198]. Hence, the results in Proposition ll\ are generalizations of the 
results of Sarikaya et al. in [IT] . 

Proposition 2. Let s e (0, 1] , u, w > 0, r > 1, < A, /i < 1, then 
Am** + fiv"^ 2 - X — p 



< 



s {v — u) 



1 



-A'{u,v)~Ll{u,v) 



l/r 



2^'-! {S + 1) {s + 2) 



x<{((2A2-2A+1))' '^"x 



l-l/r 



/(«-!)£; + ^,Ks-l)7^ 



l/r 



+ ((2a*^ -2fi + I)) '" X w'-(^-i)/ + t-'-(^-i)F 



l/r 



10 
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In particular, when A = /i = 1, we have 

\A{u''y)^Ll{u,v)\ 
s {v ~ u) f 1 



< 



8 \2^-^{s + l){s + 2) 



l/r 



1/r 



/(^-i)(H-s2^+i)+t-'-(^-i) 



l/r 



Moreover, when r = 1, iwe /lawe 

\A {u^y) ~ Ll [u, v)\ < ^' (1 + ^2-) (z; - 1.) ^ ^ („-i^ „-i) 
' ^ ^ ''^ ^' - 2«(s + l)(s + 2) ^ '^ 

Proof. The claim follows from Theorem [5] applied to s-convex in the second sense 
mapping / (x) = x^. D 



Proposition 3. Let s G (0, 1] , u, w > 0, r > 1, < A, /i < 1, then 

(3.1) 

Xa-" + fiv-" 2-X-ji 

1 A {u,v) - L_g{u,v) 



< 



1 



2 

s {v — u) 

8 \2^-^s + 1) {s + 2) 

x(((2A2-2A + 1))'"'^''x 



l-l/r 



l/r 



-r{s+l) 



In particular, when A = /i = 1/3, we have 



E + v-''^'+^^L 



l/r 



^-A{u-^,v-^) + '^-A-^{u,v)-L-_l{u,v) 



2 X 5"+2 2''+3 + 2s-2''+is + 7 



< 



s [v — u) 



1 



3^+2 

2s + 1 2 



3^+2 



3 

'r(s+l) 



-r(s+l) 



8 V2''-Ms + l)(s + 2) 
2s + 1 2 



i/"- /5\ 1-1/'^ 



3 3''+2 

2 X 5«+2 2"+3 + 2s-2^+is + 7 



-r(s+l) 



l/r 



3.+2 



-r(s+l) 



l/r~ 



< (i; - -u) — ^ (u"2 -2-) 
- V '' 36 V ' ; 



Moreover, when s — r — 1, we obtain 

^A{u-\v-^) + '^-A'Hu,v)-Lz\{u,v) 

that it is the inequality in [ll) pp. 2199, line 2]. 

Proof. The claim follows from Theorem [5] applied to s-convex in the second sense 
mapping f (x) = ^. D 

Remark 6. // we take X — fi = 1/3 in Proposition^^ then inequality 113.1]) reduces 
to [11, pp. 2199]. Hence, the results in Proposition\^ are generalizations of the 
results of Sarikaya et al. in [llj . 
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